Supplementary Figure 1 | Multi-THz driving field and ultrashort gating pulse. a, The multi-THz waveform driving high-harmonic generation in gallium selenide is measured by electro-optic detection. The black curve is obtained after correction for the detector response. b, Spectral intensity of the 8-fs gating pulse used to resolve the temporal structure of crystal-generated high-harmonics (see Figure 3 of the main text). The intensity envelope of the pulses reconstructed from a SHG-FROG measurement is shown in the inset. 
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Supplementary Figure 2 | High-harmonic generation in different crystal directions of gallium
selenide. Visible harmonic intensity (colour scale) as a function of the crystal angle ϕ. The photoluminescence signal is independent of the crystal orientation while the harmonic intensity shows a six-fold symmetry. Inset: For the orientation of the crystal axis of the sample, the intensity of the second harmonic components polarized parallel (red) and perpendicular (blue) to the fundamental field are measured. This experiment reveals that HH generation is most efficient in the armchair directions ±e 1 , ±e 2 , and ±e 3 . as quantum interferences S7 or symmetry breaking from exclusively odd-to mixed even-and odd-order 12 harmonics S5 , which cannot be explained with classical recollision models, often applied in atomic 13 HHG. 14 As demonstrated in Refs. S5 and S7, excitations along a single excitation direction can effectively and 15 efficiently be described by one-dimensional excitations (1D-e) in momentum space, as long as the 16 excitations are polarization-direction (PD) conserving, i.e. they create light emission with identical 17 polarization properties as the excitation. For 1D-e, we can then systematically and efficiently include 18 the relevant many-body and light-matter interaction effects with the cluster-expansion approach 19 (Ref. S1) . By using the same theory framework and material parameters, we already can quantitatively 20 explain measured spectra (Ref. S5) as well as the time-resolved emission properties (Ref. S7 ) 21
including the non-perturbative quantum interference (Ref. S7) . Furthermore, an identical approach has 22 been applied to accurately describe atomic HHG on a microscopic level (Refs. S8 and S9). Therefore, 23 our theory framework is not only valid in the non-perturbative regime of strong excitations, typical for 24 HHG, but as well in the regime of perturbative nonlinear optics and conventional linear optical 25
excitations. 26
Since GaSe is a layered material with a hexagonal lattice S10 , it has three equivalent in-plane bond 27 directions, 28   =  √3  2  −  1  2  ,  = −  √3  2  −  1  2 , and = , in both real and reciprocal space. The unit vectors e j (j=1,2,3) are illustrated in Supplementary 29 Figure 3a as arrows pointing from a selenium atom (red sphere) to a gallium atom (dark sphere). Our 30 experiments in Fig. 1c and d confirm that GaSe has three principal, PD-conserving directions for 31 electronic motion, and identify those with the bond directions e 1, e 2 and e 3 . Only two of these three 32 vectors are linearly independent, e.g. the linearly independent vectors e 1 and e 2 define = −( + ). 33
These three directions define the 'armchair directions' in the honeycomb lattice of GaSe, whereas the 34 'zigzag directions' (e.g. e 1 -e 2 ) line up with the vector connecting nearest atoms of the same species. 35
The spatial directions of atomic bonds define the preferred directions for electronic motion also in 36 momentum space, which can twist the polarization direction if the exciting field is not aligned with 37 these preferred directions. To analyse the direction dependence of HHG, we generalize the full 38 quantum analysis of Refs. S5, S7, and S8 to describe HHG for excitations along arbitrary directions 39 that are not PD-conserving. 40
For this purpose, we evaluate the THz-field component 41
of the multi-THz driving field with respect to the three principal directions e j . Each of these 42 excitations induces an effectively 1D-e component in the momentum space. To fully include quantum 43 effects beyond a semiclassical description, the corresponding excitations must follow from the 44 dynamic interplay of the microscopic polarization , between bands λ and and electron (hole) 45 density , ( , ) in the conduction band e λ (valence band h λ ) with crystal momentum ℏ . While the 46 vectorial projection of E THz onto the bond direction relies on a real-space picture, our computations are 47 performed in reciprocal space and fully include the crystal periodicity. 48
As long as these principal directions are well separated, the 1D-e components should not mix 49 nonlinearly, despite each direction exhibiting strongly nonlinear HHG. The validity of this assumption 50 can be tested by adding the HHG emission resulting from these three effective 1D-e as linear The emitted HH intensity is proportional to = | ( )| after E HH is Fourier-transformed to the 60 frequency domain. For the strong THz excitations applied in the manuscript, the intensity I HH (ω) of the 61 higher harmonic orders is dominated by the polarization source P. 62
The LCE in direction j follows from the semiconductor Bloch equations (SBE) S1 which for a multi-63 band model S5,S7 . In HHG, these effects can be well approximated via constant dephasing 70 harmonic orders whereas ΔE contains exclusively odd harmonic orders and E HH,3 vanishes. 96
We observe that the = 0° excitation separates the even and odd HHs into perpendicular directions. In 97 this situation, the THz field E THz = E e 1 -E e 2 points in the middle of the e 1 and e 2 bonds while its 98 components have opposite signs along e 1 vs. e 2 and no component along the e 3 direction, following the 99 definitions of Fig. 2 harmonics emitted along and perpendicular to the driving field, respectively. The corresponding 107 vectorial algebra is illustrated in Figs. 2c, d , and e. 108
The perfect directional separation of even and odd harmonics is also explained by the conventional 109 symmetry arguments stating that inversion symmetric systems can emit only odd harmonics. Since the 110 GaSe crystal is inversion symmetric only in the zigzag direction (e 1 -e 2 ), it is clear that excitation and 111 subsequent emission into that direction supports only odd harmonics. In this special case, the broken 112 overall inversion symmetry manifests as even harmonics in the perpendicular emission direction, i.e. Figure 4a) . Similar to the measurement in Fig. 3 of the main text, we find 117 that for an excitation along the bond directions e 1 ( = −30°) and −e 2 ( = 30°), the HH pulse train 118 consists of bursts emitted exclusively at positive (e 1 , solid curve) and negative (−e 2 , dashed curve) 119
crests of E THz (Supplementary Figure 4c) because of the non-perturbative quantum interference Figure 4d, solid curve) , i.e. in the middle of 126 the e 1 and −e 2 direction, every field crest of E THz = E e 1 -E e 2 has a component in e 1 as well as in e 2 127 direction, as explained above. However, the two components have opposite signs, such that one of 128 both directions is always experiencing a positive field crest, effectively creating HH emission at every 129 field cycle of E THz . For intermediate angles, the contour in Supplementary Figure 4b properties. In particular, when the fields are strong enough, the interfering transition amplitudes 146 remain similar for a broad range of THz field strengths due to non-perturbative excitations S7 . 147
Therefore, the behaviour of the polarization depends only weakly on the applied electric field strength, 148 as long as the THz amplitude is kept in or close to the non-perturbative regime as confirmed by our 149 measurements and simulations. 150 perturbative measurements "easier". 164
Additionally, the balancing of excitation paths by quantum interference in the non-perturbative regime 165 tends to equalize the height of the non-perturbative even and odd peaks, as also suggested by the 166 saturation of HH intensities observed in Ref. S5 . In contrast to this, the perturbative regime creates 167 higher-order peaks that tend to grow from the tails of low-order peaks. In other words, non-168 perturbative excitations produce clearer individual peaks for each order than perturbative excitation. 169
Pragmatically, this means that the polarization direction of a given HH peak is easier to resolve and 170 interpret for non-perturbative than for perturbative excitations. Therefore, the non-perturbative regime 171 (roughly above 25 MV/cm) is the simplest operational range for the studied effects. 172
Crystal angle dependence of HH peaks 173
Figures 1b and 2a show that the HH intensity is reduced when the crystal angle ϕ is detuned from the 
Prospects of polarization-and CEP-shaping of high-harmonic waveforms 184
It is extremely exciting that quantum effects yield a binary control of the periodicity of macroscopic 185 light pulses (see Fig. 4 ) as well as a continuous control of the polarization direction as a function of the 186 crystal direction (see Fig. 2 and Supplementary Fig. 7 ). Crystal symmetries in conjunction with strong-187 field quantum interference offer a higher level of polarization and CEP control in HHG as compared to 188 atomic gases S17 that is also easily accessible. In the experiments presented in the manuscript, we 189 demonstrate the following scenarios of CEP and polarization settings: 190
For a crystal orientation of ϕ = 0°, a HH pulse train with repetition rate 2ν THz , a pulse-to-pulse 191 CEP slip of Δϕ CEO = π and a polarization parallel to E THz (see Fig. 4c and e) is generated. This 192 situation is achievable in a comparable manner with atomic gases S18 and other crystals S19,S20 . 193
(ii) Another HH pulse train with repetition rate ν THz and Δϕ CEO = 0 emerges for ϕ = ±30° with a 194 polarization parallel to E THz (see Fig. 4b and d) . A qualitatively similar scenario can be achieved 195 in atomic gases only with two-color pumping 
